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The expected high sensitivities of future neutrino oscillation experiments will allow precision tests 
of unified theories of flavour. In order to compare GUT scale predictions for neutrino masses, 
leptonic mixing angles and CP violating phases with experimental results obtained at low energy, 
their renormalization group running has to be taken into account. We discuss the running in 
seesaw scenarios, present analytical approximations as well as numerical tools, and compare the 
size of the running effects with the expected experimental sensitivities. 
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1. Introduction 

Flavour models within the context of unified 
theories typically predict patterns of fermion 
masses and mixings at high energies, close 
to the scale of gauge coupling unification 
M G ut ~ 10 16 GeV. Our knowledge about 
neutrino masses and leptonic mixing angles, 
on the other hand, stems from experiments 
on neutrino oscillations at low energy. In or- 
der to compare high energy predictions with 
low energy experimental data, the renor- 
malization group (RG) running of neutrino 
masses, leptonic mixing angles and CP vio- 
lating phases has to be taken into account. 



of the right-handed (singlet) neutrinos, as il- 
lustrated in Fig. 1. The corresponding pa- 
rameters defined in the energy ranges corre- 
sponding to the various effective theories are 
marked by (n). 

Below the lowest mass threshold, the 
RGEs (given for various models in Refs. 1 to 
7) of the dimension 5 neutrino mass operator 
can be used. In the MSSM, it is known at 
two-loop. 5 For non-degenerate seesaw scales, 
a method for dealing with the effective the- 
ories where the heavy singlets are partly in- 
tegrated out, and the corresponding RGEs, 
can be found in Ref. 6. 



2. RG Running in Seesaw 
Scenarios 

In seesaw scenarios for explaining the small- 
ness of neutrino masses, the strategy is to 
successively solve the systems of coupled dif- 
ferential equations of the form 



d 00 00 00 



(1) 



for all the parameters Xi £ |k, Y v , M, . . . } 
of the theory, including the effective dimen- 
sion 5 neutrino mass operator k, the neutrino 
Yukawa matrix Y v and the mass matrix M 



3. REAP/MPT: Public Software 
Packages for RG Running 

For RG running from high energy (e.g. from 
the GUT scale) to low energy in the above- 
described minimal seesaw scenarios, we pro- 
vide a public Mathematica software package 
REAP (Renormalization Group Evolution of 
Angles and Phases), introduced in Ref. 8, 
which numerically solves the RGEs of the 
quantities relevant for neutrino masses, for 
example the dimension 5 neutrino mass op- 
erator, the Yukawa matrices and the gauge 
couplings. The /3-functions for the SM, the 
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Mi M 2 M 3 Mqut 



Fig. 1. Effective theories (EFTs) in minimal seesaw scenarios, where the heavy right-handed (singlet) 
neutrinos are partly integrated out. At the mass thresholds Mi, the EFTs are related by matching 
conditions. 



MSSM and two Higgs doublet models with 
Z2 symmetry for FCNC suppression, with 
and without right-handed neutrinos, are im- 
plemented. In addition, the same models 
are available for pure Dirac neutrinos, 9 and 
new models can be added by the user. The 
software can also be applied to type II see- 
saw models 10 with an additional contribu- 
tion to the neutrino mass matrix from heavy 
SU(2)L-triplet Higgs fields Al, as long as 
one only considers the energy region below 
the additional seesaw scale Ma, where the 
new physics only leads to another contribu- 
tion to the effective neutrino mass opera- 
tor. The package can be downloaded from 
http://www.ph.tum.de/~rgc/REAP/. 

Combined with the additionally pro- 
vided public Mathematica package MPT 
(MixingParameterTools) , which allows to ex- 
tract the masses, mixing angles and CP 
phases of quarks and leptons from their mass 
matrices, the running of the neutrino param- 
eters can be calculated conveniently. 



4. Analytical Formulae for the 
Running of the Parameters 

Below the seesaw scales, up to O(0\s) cor- 
rections, the evolution of the mixing angles 



is given by 11 (see also Refs. 12 and 13) 
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(4) 



i + C 

where the dot indicates differentiation 
d/dt = iid/dfi (with /x being the renor- 
malization scale), and where Sij :— sin 6^-, 
dj = cos%, ( = Am| 1 /Am§ 1 , C e = -3/2 
in the SM and C' e = 1 in the MSSM, and 

/(raj, tpi, S) = [mi cos(tpi - S) 
-(1 + C)ra 2 cos(</? 2 - S) - (m 3 cos<5] . (5) 

y T denotes the tau Yukawa coupling, and one 
can safely neglect the contributions coming 
from the electron and muon. For the matrix 
P containing the Majorana phases, we use 
the convention P = diag (e^ 1 / 2 , e~^ 2 / 2 , 1) 
as in Ref. 11. From these expressions one 
can easily understand the typical size of RG 
effects as well as some basic properties: 
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• Below the seesaw scales, the RGEs 
are proportional to y\. In the 
MSSM, y T can be 0(1) for large 
tan P and the running is enhanced 
by a factor of (1 + tan 2 (3). 

Note that above and between 
the seesaw scales, additional terms 
appear, e.g. proportional to yf y , 
with y v being a neutrino Yukawa 
coupling. 8 They can induce sizable 
running even for small y T . 

• Due to the terms of the form 



rrii/Ar 



the running can be 



strongly enhanced if the neutrino 
masses have a quasi-degenerate 
spectrum, with masses much larger 
than mass splittings. 
• The CP violating phases 5, ipi and 
f 2 can either damp or enhance the 
running, as can be deduced from 
Eqs. (2) - (4). 

In addition to the formulae for the running 
of the mixing angles, formulae for the run- 
ning of the CP phases have been derived. 11 
For example, the running of the Dirac CP 
violating phase 6, observable neutrino oscil- 
lation experiments, is given by 

+ + <«> 

The coefficients and 6^ are omitted 

here for brevity and are given explicitly in 
Ref. 11. From Eq. (6), it can be seen that the 
Dirac CP phase generically becomes more 
unstable under RG corrections for smaller 

6*13- 

Analytical formulae for the running of 
the neutrino parameters above the seesaw 
scales can be found in Ref. 8 (see also 
Ref. 14). 

5. Precision Tests of Unified 
Flavour Model Predictions 

Future reactor and long-baseline experiments 
have the potential to measure the neutrino 



parameters with high precision. For testing 
predictions of unified flavour models using 
such future precision measurements, RG cor- 
rections have to be included, as we will now 
discuss. 15 

For roughly estimating the size of the RG 
effects, and for identifying cases where RG 
corrections are enhanced or suppressed, an- 
alytical formulae, as those presented above, 
are very useful. In the leading logarithmic 
approximation, a rough estimate of the cor- 
rections to the leptonic mixing angles from 
RG running between electroweak scale Mew 
and high energy scale Mqut can be obtained 



0yln(MGUT/Af E w). 



as A9i 

For a more accurate numerical calcula- 
tion of the RG running in seesaw models, the 
public software package REAP, introduced 
in Ref. 8, can be used. The right-handed 
(singlet) neutrinos are integrated out succes- 
sively at their mass thresholds and a tem- 
plate is provided for the user (in form of a 
Mathematica notebook) where unified mod- 
els of flavour can be inserted conveniently 



5.1. Running of 9±s and S 

The mixing angle #13 is a main focus of the 
currently planned neutrino oscillation exper- 
iments. From the present experimental data 
it is only bounded from above by « 13°, 
however sensitivity to #13 less than 1° is en- 
visioned by neutrino factory 16 and/or beta 
beam 17 facilities. If #13 is not too small, the 
Dirac CP phase 5 can be measured and a 
precise determination of #13 can be achieved. 
Furthermore, #13 is a good discriminator be- 
tween models of neutrino masses. 18 

Due to RG running, the low scale value 
of 0i3 differs from its high scale prediction, 
unless m 3 — (and #13 = 0) for inverse neu- 
trino mass hierarchy, or unless the masses 
and CP phases are aligned in a special way 
(c.f. Eq. (3)). One consequence is that even 
if 9 13 — is predicted by some model at high 
energy, RG running leads to #13 ^ at low 
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energy. 11 ' 19 In many cases, the radiatively 
generated #13 is within reach of future ex- 
periments. This is illustrated in Fig. 2 (from 
Ref. 11), where a conservative estimate for 
the size of the radiatively generated 6*13 is 
given for the MSSM with a normal neutrino 
mass ordering, as a function of tan (3 and the 
mass of the lightest neutrino m\. 




10 20 30 40 50 

tan 



Fig. 2. Conservative estimate of RG corrections to 
sin 2 (2613) in the MSSM with 6*13 = at high en- 
ergy 10 12 GeV. 11 For comparison: Planned reactor 
and long-baseline experiments will be sensitive to 
sin 2 (2#i3) = O(10 -2 ), future upgraded superbeam 
experiments up to 0(1O -3 ), and neutrino factories 
and/or beta beam facilities can reach sensitivities of 
sin 2 (29i 3 ) = O(10" 4 ), or even better. 

As can be seen from Eq. (6), the running 
of the Dirac CP phase <5 is larger for smaller 
6*13. Even if S = holds at high energy, RG 
running can induce a non-zero value at low 
energy (in the presence of non-zero Majo- 
rana CP phases). 13 ' 11 In the extreme case, 
for f?i3 = 0, S is undefined. It is then entirely 
determined by RG running (which also in- 
duce a non-zero 6>i 3 ) and given by 11 

. mi cos y>i - (1 + Om 2 cos<p 2 - C TO 3 

cot d = : — : . 

mi smipi — (1 + Q mi sin (^2 

Note that for very small #13, the equations 
for 6*i3 and 5 have to be solved simultane- 
ously. 



5.2. Predictions for 12 

Many classes of promising unified flavour 
models lead to predictions for the neutrino 
mixing angles, such as, for instance, tri- 
bimaximal 20 or bimaximal 21 mixing. In the 
presence of additional mixing in the charged 
lepton mass matrix, however, these mixing 
patterns are modified. Nevertheless, if the 
charged lepton mixing matrix is CKM-like, 
i.e. dominated by a 1-2 mixing like the CKM 
mixing matrix of the quarks, interesting pre- 
dictions arise for the observable mixing angle 
6»i2 of the MNS matrix. 

Remarkably, it can be shown that un- 
der the above conditions, a combination of 
the measurable MNS parameters O12, #13 
and <5 sums up to the theoretically predicted 
value for the 1-2 mixing of the neutrino 
mass matrix 22 ' 23 , i.e. to arcsin(-^) for tri- 
bimaximal and j for bimaximal mixing, for 
example. The neutrino sum rules with theory 
predictions of tri-bimaximal and bimaximal 
neutrino mixing, respectively, are 22 ' 23 

012 - #13 cos(<5) w arcsin -j= , (7) 
012 - 13 cos(<5) w f . (8) 

By measuring the left side of the neutrino 
sumrules in future neutrino experiments, and 
by taking into account RG running of the 
quantities, one can test whole classes of uni- 
fied flavour models. 

In principle, the so-called quark-lepton 
complementarity 24 (QLC) relation 6*i 2 +#c = 
7r/4 between the leptonic mixing angle #12 
and the Cabibbo angle 9q can be obtained 
within this scenario. However, it requires 
#13 = Oci CP conserving 6 = tt and bimax- 
imal mixing of the neutrino mass matrix, as 
can be seen from Eq. (8). If QLC is realized 
in a unified flavour model at the GUT scale, 
the predicted mixing angles at low energy are 
modified due to RG running. For instance, 
within the approach of Ref. 25 to QLC in 
unified theories, the low energy value of #i 2 
is reduced due to running by w 0.8° (for 



February 2, 2008 7:2 WSPC/Trim Size: lOin x 7in for Proceedings 



antusch' ichep06 



tan/3 = 40, calculated with REAP 8 ). RG 
corrections in various scenarios of QLC have 
been studied in detail in Ref. 26. For further 
recent studies on RG running of neutrino pa- 
rameters, see, for example, Ref. 27. A precise 
measurement of 612 could be achieved by a 
SPMIN-type reactor experiment. 28 

5.3. Corrections to Maximal 
Mixing 623 

The present best-fit value of #23 is close to 
maximal. Typically, unified flavour models 
predict deviations of #23 from maximality, 
which are within reach of future long base- 
line experiments. 29 #23 close to maximal, on 
the other hand, would point towards a sym- 
metry which predicts maximal mixing. How- 
ever, even if #23 = ? is predicted by a flavour 
model at high energy, RG corrections from 
the running between high and low energy 
generate a deviation of #23 from maximality. 
In many cases, even for hierarchical neutrino 
masses, this deviation exceeds the sensitiv- 
ities of future experiments. 11,29 From max- 
imal mixing at Mgut> the running in the 
MSSM leads to low energy values > f (< f ) 
for normal (inverse) neutrino mass ordering, 
as can be seen from Eq. (4). Note that 823 
is always nonzero in the SM and MSSM, i.e. 
maximal mixing is always unstable. 

For instance, assuming a (normal) hier- 
archical spectrum of light neutrinos and neu- 
trino Yukawa couplings of 0(1), RG running 
in the MSSM leads to a deviation from max- 
imal mixing of about 1° for tan/3 = 10 up to 
5° for tan (3 = 55 (using REAP 8 ). The latter 
corresponds to sin 2 (f?23) ~ 0.59 at low energy 
if maximal mixing (i.e. sin 2 (#23) = 0.5) was 
predicted at the GUT scale. 

Measuring deviations | sin 2 (#23) — 0.5 1 
from maximal mixing is challenging for the 
currently planned experiments. 29 A very sen- 
sitive experiment for detecting such devi- 
ations would be an upgraded superbeam 
pointing at a large (1 Mt) water Cherenkov 



5 

detector, e.g. an experiment like T2HK. Its 
potential for rejecting maximal mixing is il- 
lustrated in Fig. 3 (from Ref. 29). With 
such a detector, atmospheric neutrino exper- 
iments with high statistics could also provide 
interesting additional information. 30 

JPARC-HK 
5 I . ■ . 1 

<a 4 




0.3 0.4 0.5 0.6 0.7 
True value of sin 2 623 

Fig. 3. The regions of the true values of sin 2 023 and 
lArrtgjJ where maximal mixing can be rejected by at 
la, la and 3a JPARC-HK (nowadays referred to as 
T2HK), from dark to light shading (for details, see 
Ref. 29). The currently allowed region at the 3a CL 
is shown as a dashed curve. For comparison: RG 
running in the MSSM with sin 2 (823) = 0.5 at the 
GUT scale leads to sin 2 (0 23 ) ~ 0.52 for tan/3 = 10, 
up to sin 2 (6>23) ~ 0.59 for tan/3 = 55, in an example 
with O(l) neutrino Yukawa couplings and normal 
hierarchy for the light neutrino masses (mi rs 0). 8 

6. Conclusions 

Neutrinos, with the smallness of their masses 
explained by the seesaw mechanism, provide 
an intriguing window to physics at very high 
energies, close to the GUT scale. One in- 
teresting aspect is that the expected high 
sensitivities of future neutrino experiments 
will allow precision tests of unified theories 
of flavour. In addition to the high experi- 
mental sensitivities, such precision tests also 
require high accuracy of model predictions, 
in particular the inclusion of renormalization 
group running of the neutrino parameters. 
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